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THE STEEPEST POINT OF THE BOUNDARY LAYERS
OF SINGULARLY PERTURBED
SEMILINEAR ELLIPTIC PROBLEMS

T. SHIBATA

ABSTRACT. We consider the nonlinear singularly perturbed problem
—EAu=f(u), ©u>0 in Qu=0 on 99,

where @ C RN (N > 2) is an appropriately smooth bounded domain and € > 0
is a small parameter. It is known that under some conditions on f, the solution
ue corresponding to e develops boundary layers when € — 0. We determine
the steepest point of the boundary layers on the boundary by establishing an
asymptotic formula for the slope of the boundary layers with exact second
term.

1. INTRODUCTION

We consider the following nonlinear singularly perturbed problem:

(1.1) —Au = f(u) in Q,
(1.2) u > 0 in £,
(1.3) u = 0 on 09,

where O ¢ RV (N > 2) is an appropriately smooth bounded domain satisfying
uniform interior and exterior sphere conditions and € > 0 is a small parameter. We
assume that f satisfies the following:

(f1) f € CYY(R), where 0 < v < 1 is a constant.

(f.2) There exists ug > 0 such that f(0) = f(uo) = 0and f(u) > 0for 0 < u < up.
(£.3) £/(0) > 0 and f'(ug) < 0.

(f.4) If there exist uy,us > 0 such that ug < w1 < ug, f(u1) = f(uz) =0,f >0
in (u1,uz), then there exists @ € [0, uz) such that [ f(s)ds < 0.

The most typical examples of f are f(u) = u—|u|P"'u (p > 1) and f(u) = sinu,
which are called logistic equation in population dynamics and equation of simple
pendulum, respectively, and have been considered by many authors. In these cases,
we know that ug = 1 (resp. up = m), ue < 1 (resp. ue < m) and u. — 1 (resp.
ue — m) uniformly on any compact subset in  as € — 0. Indeed, under the
conditions (f.1)—(f.4), the following facts hold (cf. [3]):

(p.1) For a given 0 < e < 1, there exists a unique solution u. € C?(Q) of
(1.1)—(1.3).
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(0:2) llucllo0 < u.

(p-3) ue — ug uniformly on any compact subset K C © as € — 0.

Therefore, we see that u. develops boundary layers as e — 0. We also refer to [2]—
[, [9] and the references therein. Hence, a natural question raised immediately is
to ask where on the boundary the steepest point of the boundary layers is situated,
and it is the purpose of this paper to answer this question by establishing the
two-term asymptotic formula for the slope of the boundary layers as € — 0.

Now we state our results. Let F(u) := [ f(s)ds.

Theorem 1.1. Let P € 02 be fized. Let v be a unit outer normal to 0Q at P.

Then the following asymptotic formula holds as € — 0:

(1.9 G (P = /2R + =D o)

where wo
Co:= / V2(F(ug) — F(s))ds
0
and H(P) is the mean curvature of 0 at P.

Therefore, if P, € 0L2 is the only point which attains the minimum of the mean
curvature of 0f0, then P; is the steepest point of the boundary layers. We remark
that the first term in (1.4) has been obtained in [5] when f(u) = u — |u[P~tu +
perturbation. When Q = Bpg or A, g, the special cases, (1.4) has been obtained in
[11] and [12].

2. PROOF OF THEOREM 1.1

We first introduce a diffeomorphism which straightens the boundary portion near
a point P € 09 (cf. [10]).

Through translation and rotation of the coordinate system, we may assume that
P is the origin and the inner normal to 02 at P is pointing in the direction of the

positive zx axis. Let 2’ = (z1,22, - ,2n-1). Then there exists a smooth function
(z'), defined for |2'| <« 1, which satisfies:
(¥1) 9(0) =0,

(12) Vip(0) =0,
(¥3) 09N M ={(z',zn) : an = P(2)},
(W4) QN M = {(z/,zn) : zn > P(a')},
where M is a neighborhood of P = 0. For y € RY near 0, we define a mapping
z=0(y) = (P1(y), P2(y), -+, PN (y)) by
0

j
(2.2) On(y) = yv+¥().
Then ® has the inverse mapping y = ®~1(x) for |z| < b, where b > 0 is a constant.

Let B;'/e ={zeRY :|z| <b/e,zx > 0}. We put

(2.3) we(2) = uc(P(ez)), 2 € Byye.
Then we see from [10, Lemma 4.1] that for z € B;'/E, w, satisfies

N N

(24) Y (3 + 2628 + i (2)) e e 2 4 f(w) =0
. ij ij <N %] 827,82’3 =~ ] 8Zj e) — Y%

ij=1
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where

2
(2.5) b5 = a0
(2.6) vin = Yn; =0 for i, j=1,---,N,
(2.7) bj(z) = —din(N=1)H(0)+ 5;(2),
(2.8) laij(2)] < Coé?|z|? for z € B;’/67
(2.9) 1B (2)] < Caelz| for z € B;'/E.

To calculate (Ou./0v)(0) for 0 < e < 1, we precisely study the asymptotic behavior
of (Qw./dzn)(0) as € — 0. Let w be a unique solution of

(2.10) —w"(t) = flwt), t>0,

(2.11) w(0) = 0,

(2.12) w'(0) = 2F (up).

Then we know from [3] that

(2.13) w'(t) > 0, t>0,

(2.14) Jim w(t) = o, Jim w'(t) = 0.

Lemma 2.1. Let D := {z € R" : zx > 0}. Then w, — w in C2 (D) as € — 0.
Proof. Since [|welloo = ||tte|loc < w0, by a standard regularity argument (cf. [3]),

Therefore, by choosing a subsequence if
(D). Then

we see that {w,} is a precompact in C}.

necessary, there exists W € C?(D) such that we — W as € — 0 in C?
we see from (2.4)—(2.9) that W satisfies

(2.15) —AW = f(W) in D,
(2.16) W > 0 in D,
(2.17) W = 0 on 0D.

It should be mentioned that (2.16) follows from [3]. Now our aim is to show that
W = w. To do this, we apply [3| Proposition 2.5]. That is, if we show

(2.18) lim W((2',2n)) = uo

ZN—00

uniformly for 2/ € RV ™!, then we obtain W = w. Let an arbitrary n € RN!
be fixed. Furthermore, let an arbitrary zy > 2uo/C; be fixed, where C; > 0
is a constant defined in (2.19) below. Then there exists 0 < ¢y < 1 such that
(n,zn) € Bgr/e for 0 < € < €p. So we((n, zn)) is well defined for 0 < € < ¢y. Let an

arbitrary 0 < 7 < ug be fixed. By [3| Lemma 3.1], we see that for all z € Q,
(2.19) ue(z) > min{C4dist(z, Q) /e, 7},

where C; > 0 is a constant. Since Vi(0) = 0 by (¢62), we see that D®(0) = I,
the identity map. Then by Taylor expansion, for |z| < 1, we have ®(z) = ®(0) +
D®(0)z + o(|z|). Therefore, since ®(0) =0,

(2.20) O(e(n, 2n)) = €(n, 2n) + o(ey/ Inf* + 2%)-

Let Q = Qa(c(y,-x)) be the nearest point on 92 from ®(e(n, zn)). Then since Q@ — 0
as € — 0, we see that ng — (0,---,0,1) as ¢ — 0, where ng is the unit inner normal
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to O at Q. Therefore, if 0 < € < 1, then dist(®(e(n, zn)), 0N0) = (1 + o(1))zy.
Then by (2.19), for 0 < € < 1, we obtain

(2.21)  we((m,2n)) = ue(P®(e(n, zn))) > min{C1(1 —o(1))zn, 7} > T,

since zy > 2ug/C1(> uo/(C1(1 — 0(1)))). Now let ¢ — 0. Then we see that
W ((n,zx)) > 7 for any n € RV ™! and 2y > 2uo/Cy. This implies (2.18). Then
we see that, from any subsequence of {w.}, we can choose a subsequence of {w, },
which satisfies ¢; — 0 as j — oo and w,; — w in Cloc( ) as j — oo. This implies

that we — w in C2 (D) as € — 0. Thus 'the proof is complete. O

loc

Therefore, we find that the top term of (Qu./0v)(0) can be obtained from w’(0).
That is, by Lemma 2.1 and (2.12), as ¢ — 0,
8u€ Ow,
(0) =
81/ 8ZN

(2.22) (0) — V/2F (up).
Next, for z = (2, zn) € Bb/67 we put

we(z) — w(ZN) .

(2.23) be(z) = -
Then it follows from (2.4) that for z € Bb/67
N
0w 0%,
2.24 L+ 26t .y
(2.24) ijzzf‘” +2ebuon + oy(2) (55 + g

8w 0¢. B
+e§jb ) (52 + 5 ) + Fw o) =0

Therefore, by (2.5)—(2.9), for z € Bb/67

N

2
(2.25) Z (8if + 2ehij 2N + ij(2)) 0”9 + ann(z) "(zn) + € Z B;( 3¢e

Z2i0%2; €
ij=1 0210z

+ (=(N = 1)H(0) + Bn(2)) <w’(zN) + 625;) NEiCE eq) — f(w)

=0.

Then it is expected that the second term should be derived from the derivative of

Pe.

Lemma 2.2. Let an arbitrary compact set K C D be fized. Then there exists a
constant Cx > 0 such that ||¢c|lco,x = sUp,cx |0c(2)] < Cr for any 0 < e < 1.

Proof. Without loss of generality, we may assume that K = BE. Assume that there
exists a subsequence of {¢¢}, denoted by {¢.} again, such that ||Pe|lco,x — o0
as € — 0. Since ) satisfies the uniform interior sphere condition, there exists a
constant 0 < &1 < 1 such that the ball Be, (Q — &1v@) is tangent to 9Q at Q € 982
and satisfies Be, (Q —&1vg) C Q for all Q € 09, where vg is an outward unit vector
to Q at QQ € 092. Moreover, since €2 satisfies the uniform exterior sphere condition
and is bounded, there exist constants 0 < {3 < 1 and &3 > 1 such that the annulus
QC Agee, = {r e RN 1 & < [z—(Q+&wg)| < &} and inner ball Be, (Q+ &)
is tangent to 902 at @ for all @ € 9. Let ¢.g and 1. g be the unique solutions
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o (1.1)-(1.3), in which Q is replaced by B, (Q — &1vg) and Ag ¢, ¢,, respectively.
Then it follows from maximum principle that
d’e,Q < Ue < Q/JE’Q.

This implies that (we write v = v for short)

81/}6,42 aue a¢e,Q
£y Q) < ey Q) < W(Q)'

Moreover, we know from [12] Theorems 1 and 2] (cf. [II] for the case f(u) = u—uP)
that as e — 0,

W@ = VAt + I o),
@ = —Vartwet - U o),
Therefore, we see that for any Q € 9Q and 0 < ¢ < 1,
(2.26) 881:; (Q) = —v2F (ug)e ' + O(1).
Then by this, for (z/,0) € 0B}, we obtain
(2:27) O (2,0) = e(=V(2((ez',0))),1) - Vue(®((ez',0)))

ZN

O (e w(e')

= V2F(uo) + O(e)

Therefore, by (2.12), (2.23) and (2.27), for 0 < € < 1,
ad)e ( 0 (\/ UO + O (uO) _ 0(1)
82’1\/

Now we put & := ¢¢/||delloo, k- Then clearly, l€elloo,x = 1 and by (2.5)—(2.9) and
(2.25), we can choose a subsequence of {£.} such that £ — € in C?(K) as € — 0.
Moreover, we see from (2.25) and (2.28) that
Al + fl(w)¢ = 0 in K,
& = 0 on 0K,

—€

(2.28)

98
8zN
This implies that there exists Bgr C K such that £ =0 in Bgr. This along with the

unique continuation theorem of second order elliptic equation, £ = 0 in K. This is
a contradiction. Thus the proof is complete. O

= 0 on 0K.

By Lemma 2.2 and (2.25), we see that by choosing a subsequence of {¢.} if
necessary, there exists ¢ € C?(D) such that as € — 0,

(2.29) b — ¢ in CE.(D),
which satisfies
(2.30) A+ f'(w)p = (N—-1)H(0)w'(zy) in D,

(2.31) ¢ = 0 on dD.
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We note that ¢ depends on the subsequence of {€} at this stage. However, we see
later that ¢ is uniquely determined.

Lemma 2.3. ¢(2,zn) = ¢(2n) for z € D.

Proof. Let an arbitrary compact subset K C 9D be fixed. We show that by choos-
ing a subsequence of {e} if necessary, there exists a constant Co > 0 such that for
any 2/ € K, as ¢ — 0,

9¢e

(2.32) o

(Z,, O) — CQ.

We note that

(2.33)
20,0 = |- Gictestvtes) + 520,0)] + [ 5(0.0) - VEFTu)e|

= I.(2") + II..

We know from (2.26) that |II| is bounded. Therefore, by choosing a subsequence
if necessary, we may assume that Il. — C5 as e — 0. We know that

Ie (Z,) = _(V1/)(€Z,)a _1) : aue (EZ/, 1/1(52/))7 ) auf (Ezlv 1/)(62,))
o0x1 oxrn
(2.34) 5 o
UE €
~1). . i
+(0,-1) (83:1 (0,0),---, Dn (0,0))
Now we consider the cubes @1 C Q,--- ,Qr C Q satisfying the following properties:

(q.1) The length of the edge of Q; is ", where kg > 0 will be specified later.
Q; (j=2,---,L) is congruent to Q1.

(q.2) A vertex gj of Q; (j =1,---,L) is on 0f2. In particular, a vertex ¢; of
Q1 coincides with the origin and a vertex qr of @ coincides with (ez’,1(ez’)).
Moreover, there exists a constant C' > 0 such that C~1e*o < |g;11 — g;| < Cero for
j=1,--,L—1.

(q-3) There exist y; € Q; N Q41 (j=1,---,L —1) and a constant C' > 0 such
that for j=1,---,L —1,

C7le <|gjp1 —y;| < Ce, Ok < g —y;| < Ce.

Then by (q.2), we see that there exists a constant C' > 0 such that L < Cel=ho,
Moreover, we know from [I, p. 108] that for p > N, t,s € Q; (j =1,---,L) and
m = ]_7 e ,N7

Ou,
Oz,

(0 - (o)

We know from [§] that for any p > 1 and 0 < e < 1,

(2.35)

< Csft = s|' P |ul|2,p.0,-

1
(2.30) e < s (Fslop + ludo,
1/p -2
< CalQ/P( max f(s)e™" +uo)
< 204|QYPe 2,
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By definition,

ou, |?
locltpa, = | |ue|pdx+§j o
(2.37) ,
9%u,
+ Z / (%ck@xm

m,k=1
Let € = |ue|, |Ouc /0|, or |0%uc/Oxmdxy|. Let xo, be a characteristic function of
Q;. Then for a, § > 1 satisfying 1/ + 1/6 = 1, by Hélder’s inequality,

238) [ edo= [ xo,dr < I6ElQs "7 < CokN el

J

P,

Then we obtain
(2.39) tell2p; < Coe™™ @) [lucl2pa,0-

Let a,3 > 1 satisfy 1/a + 1/3 = 1. Then by the same argument as above, we
obtain

(2.40) lucllopa@; < Cre™ ™ Pz pas, -
Since (2.35), in which p is replaced by paa is also valid, by (2.36), (2.39) and (2.40),
we obtain

< CgekoN/ (PB)+hoN/ (pB) ||t

||U'€||27p7Qj ||2,pa&7ﬂ

(2.41) 5
< CoeckoN/ (B +koN/(pB)=2,

Then by (q.3), (2.35) and (2.41)
Ou,

0T

Ou,
0T

(€2, ¥(ez)) —

0.0)

(qr) — T (q1)

(2.42) < z_: <

< Cloe(koN/p)(l/ﬁJrl/B*l)*l_

Choose kg > 1land 0 < § <« land put p = N+6,6 =3 = 1+ § so that
(koN/p)(1/8+1/3—1) —1 > 0. Then by (¢)2) and (2.42), we see that I.(z’) — 0
uniformly on K as € — 0. Therefore, by this and (2.33), we obtain (2.32), and (2.32)
implies that (0¢/0zn)(2',0) = Cy on K N OD. Now let ¢ be a unique solution to
the ODE

(2.43) ¢ () + f(wt)e(t) = (N = DH(O)w'(t), t>0,
(2.44) ¢(0) =0,
(2.45) ©'(0) = Cs.
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Now put n(z) := ¢(z) — p(2n). Then by (2.30), (2.31) and (2.43)—(2.45), 7 satisfies

An+ f(w)yy = 0 in K,
I
n = ——=0 on KNaD.
82’1\/

This implies that n = 0 on K. Then unique continuation theorem of elliptic equa-
tion implies ¢(z) = ¢(zx). Thus the proof is complete. O

Note that ¢ still depends on the choice of the subsequence of {e} at this stage.
To show that ¢ is independent of the choice of the subsequence of {e}, we shall
prove that ¢'(0) is independent of choice of the subsequence of {€¢}. To do this, we
need the following lemma.

Lemma 2.4. |¢]|e < C.
Proof. We put g.(zn) := ¢c(0,---,0,zn). We show that for 0 < e <« 1,
(2.46) gellzo=(r) < C.

Then by letting ¢ — 0, we obtain our assertion. The proof is divided into four
steps.

Step 1. Let By := {22 + -+ (any —11)? < r}} C M C Q, where r; > 0
(r1 < b) is a small constant and M is defined in (43) and (¢/4). Furthermore, let
Ui, be a unique solution to (1.1)—(1.3) in which €2 is replaced by B;. Since Uy . is
a subsolution to (1.1)—(1.3), we see that for 0 < e < 1,

(2.47) Ure(x) <ue(z), =€ Bj.

As for the subsolution, we refer to [3] Appendix]. Now for zy € B;'/E, we put

(2.48) Ce(zn) == U.o(®(e(0, - ’€O’ZN)) —wizn) = UI’E(EZN)G_ w(ZN).

By (2.23) and (2.47),

(2.49) ge(2n) > Ce(2n).

Step 2. (a) We show that ||¢|[ee < C for 0 < e < 1. Let By := {|&| < r1} and
Vi,e = Vi,e(r) (r = |z|) be a unique solution to (1.1)—(1.3), in which Q is replaced
by By. Then V) . satisfies

~ (Vi +
Put s =7y —r. Then clearly, Uy ((s) = Vi (r) and U; ¢ satisfies
N -1

(2.50) —€2 {U{je(s) -

rn — S8
By this, (2.10), (2.48) and mean value theorem, we obtain
N -1
(2:51) ~C/ (o) + /(o) + CLaw)) = ((ane) + 0 o)) (o)
where 0 < 0 :=6.(zy) < 1. Let

E(2) = Ur,e(P(ez)) — w(zN)

N -1
r

‘/1/76(7")> = f(Vl,e(T))7 0<r< T1.

U{,e(s)} = f(Ul,e(s)), 0<s<r.

€
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Then by Lemma 2.2 for the case Q = By, we see that |||l < Ck for any compact
subset K C D and 0 < € < 1. Since (. (zn) = ((0, zn), we see that |((zn)| < C
for any 0 < zy < [.

(b) Now assume that there exists a sequence {zn.} (2n,e € B:rl/ﬁ) such that
zZn,e — 00 and [|Celloo = |Ce(2n,e)] — 00 as € — 0. Let 0 < dp < 7 be a fixed

constant. We know (see Appendix) that for 0 < s <7y and 0 < e < 1,
(2.52) up — Cexp(—Cs/e) < U e(s) < up.

Moreover, we know that for ¢ > 1,

(2.53) w(t) = ug — O(e” 0ty

By this and (2.52), we see that if there exists a constant Cq1 > 0 such that ezy >
C11, then as € — 0,

—Ci2/e€
(2.54) C(zne) =0 (e ¢ > =0

€

Therefore, ezy c — 0 as e — 0.

Step 3. Under the assumption of Step 2 (b), we put 7¢(t) := (c(z2n —2n,¢)/||ell oo
where t = zy — zn,e and consider (2.51) in the interval J := (—02zn,¢, d2nN,), Where
d > 0 is a small constant. Then by (2.51), for ¢t € J, we have

—n" N-1 wl(t+ZN,e) en’
(2.55) e (1) + 1 — €t + 2ne) { 1Ce(z) oo + Ue(t)}

= fl(W(t) + 9€€C€ (t + ZN,E))ne (f,),
where W (t) = w(zn). We show that
(2.56) €Ce(t + zn,e) = €le(2n) = Ure(ezn) —w(zn) — 0

uniformly in J as € — 0. Indeed, if t € J, then clearly, we have

(]. — 5)21\776 <zy=t+ ZN,e < (]. -l—(S)ZN’e.

This implies that if ¢ € J, then zy — 0o as € — 0 uniformly on J. Then by (2.52)
and (2.53), as € — 0,

(2.57)  [eCe(t+2ne)| = |eCelezn)| < uo — Unelezn)| + [uo — w(zn)|
= O(exp(—=Czn)) + O(exp(—Czn))
— 0.

Then by the limiting procedure, we obtain that there exists n € C?(R) such that

(2.58) n'(t) = —f'(uo)nt), teR,
(2.59) [l = n(0)=1.

By solving the first equation, we obtain 7(t) = cie”V )t L ooV =F (o)t for
t € R. However, this is impossible, since ||7||cc = 1. Therefore, ((zx) is bounded.

Step 4. Finally, let A; := {a® < 23+ -+ (zy+a)? < R?} which satisfies Q C Ay,
where a > 0 is a small constant and R > 0 is a large constant. Furthermore, let
Us,e be a unique solution to (1.1)—(1.3) in which 2 is replaced by A;. Since Us . is
a supersolution to (1.1)—(1.3), we see that for 0 < e < 1,

(2.60) Us,e(x) > ue(z), x €.
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Now for zy € B;r/e, we put

UQ,e((I)(E(Ov T 7Oa ZN)) - w(ZN) )

(2.61) Ca,e(2n) == -

Then by (2.23) and (2.60),

(2.62) ge(2n) < Ge(2n).

Then by the same argument as that just above, we also obtain that (a.(zn) is
bounded. Hence, by (2.49) and (2.62), we obtain our assertion. O

By Lemma 2.4 and (2.43), we see that ||¢/]|e < C.

Lemma 2.5. ¢/(0) = —(N — 1)H(0)Co/+/2F (up).
Proof. Multiply (2.43) by w’ and integrate it over (0, R). Then

R R R
(2.63) /O & (tyw' (£)dt + /O F () (Ho()dt = (N — 1)H(0) /O W (#)2dt.

Then integration by parts yields

R
(2.64) ¢ (R)w'(R) — ¢'(0)w'(0) + f(w(R))$(R) = (N — 1)H(0)/0 w'(t)*dt.
Let R — oo. Then by (2.12), (2.14) and (f.2), we obtain
o N DHO) [
(2.65) 00) =~ /0 (1)2dt.

So the last task for us is to calculate fooo w'(t)2dt. Multiply (2.10) by w’. Then we
have

d (1
2. —(zw'(t)*+F =0.
(2.66) i (3002 + Fu) =0
This implies that w'(¢)?/2 + F(w(t)) = constant for ¢ > 0. Then by (2.12) and
putting ¢ = 0, for ¢ > 0, we obtain

(2.67) %w’(t)Q + Fw(t) = %w’(O)Q — Fluy).
By (2.13), for t > 0, we have
(2.68) W () = v/2(F o) — F(w (D).
By this and (2.14)
(2.69) /0 W ()2l = /0 2 F(ug) = Flw(®)w! (£)dt
— [ VAT~ P = o
This along with (2.65) implies our assertion. O
Since we have
(2.70) - e?;fj 0) = g:”; (0) = w/(0) + egf; (0)

= V2F(uo) + €(¢'(0) + o(1)),
this along with Lemma 2.5 implies Theorem 1.1. Thus we get Theorem 1.1. U
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3. APPENDIX

In this section, we prove (2.52) for completeness. We consider the equation

(3.1) €2 (V{fe(r) + NT_ 1V1'7E(7“)) + f(Vie(r) =0, 0<r<rg,
(3.2) Vie(r) >0, 0<7r <7y,
(3.3) V1 (0) = Vie(r1) = 0.

It is known (cf. [5]) that by the change of independent variable

(34)  ve(t) :==Vie(r), t:=h(r) = {g?_[(%]v:;)% (V'=3),

(3.1)—(3.3) is transformed into

(3.5) —e"(t) = gt)f(v(t)), —oco<t <O,
(3.6) o(t) > 0, —co<t<0,

(3.7) v(0) = v'(—o00) =0,

and v, is a solution to (3.5)-(3.7), where g(¢) = [h~*(#)]>*¥ =Y. Let a > 0 be fixed
and consider here the auxiliary problem

(3.8) —EW'(t) = g(-a)f(W(t), —a<t<0,
(3.9) W) > 0, —a<t<O,
(3.10) W(—a) = W(0)=0.

This equation has a unique solution W, if 0 < ¢ < 1. Then we know from [5] that
(3.11) We(t) < wve(t), —a<t<0.

Lemma 3.1. There exist constants Co,C3 > 0 such that for —a < t < 0 and
0<ex1

(312) 0<ug—Cy eXp(Cgt/E) < We(t).
Proof. Multiply (3.8) by W/(t). Then for —a <t < 0, we obtain
(EW/(t) + g(—a) f(We(t))W(t) = 0.

This implies that

& {5emiw? +aarmma} o
So, by putting t = —a/2, we obtain
(313) W+ g(~a)FVD) = g(~a) F(IW. ).

Then since W/(t) < 0 for —a/2 < t < 0, we have

(3.14) W) = V@) 2R (Wl o) — 2E VD)
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Let an arbitrary 0 < 6 < 1 be fixed. Then for —a/2 < —t; < 0,

(3.15)  t = /O dt

—t1

P —eW(t) a
—t V(=) 2F ([Wel[o) — 2F (We(2))
B ¢ We(—t1) 1 .
NI a>/o V2E([Wele) — 2F(s)
€ 1

ug p
V9(—a) /uo—wa—tl) V2F([Welloo) = 2F (ug — 1) !
€ ) §
T Vea) Vé +/uo—w<<—t1>1 '

Let 0 < Cy < —f'(up) be fixed. Then for ug — ||[We|loo <1 <6,
(3.16)  m(n) :=2F(|Welloe) = 2F (ug — 1) — Canp® + Ca(uo — [[Wel[c)* > 0.
Indeed, by (f.3) and Taylor expansion, for ug — ||We|loo <7 < J, we have

(3.17) m'(n) = 2f(uo —n) —2Cun
= 2(=f"(uo) = Ca)y — O(n*) > 0.
Since m(up — ||Wel|loo) = 0, by (3.17), we obtain (3.16). Then by (3.16), we obtain

tq

IN

Vg(—a)

Vg(—a)

5
1
Cs +/ dt
uo—We(—t1) \/04772 — Cu(uo — [Well0)? ‘|

1
log |6 92 — — Welloo)?
o813+ /7~ (o — Wl

[C’a +

1
NN log | (uo — We(_tl))|:| .

This implies

(3.18) log |t — We(—t1)| < Cs — Mtl.

€
This yields (3.12).
By (3.4), let

2pN -2 1/(N=2)
(3.19) ro 1= (2+a(N—2)r{H) (N =
rie”%? (N =2).

3),
Then by this, Lemma 3.1 and a direct calculation, for rqg < r < 71, we obtain
(3.20) ug — Czexp(—Ca(r1 —r)/e) < Vi (1) < up.
Then since Vi ((r) > Vi (o) for 0 <1 < rg, we obtain
ug — Cyexp(—Cy(ry — ro)(r1 — r)/(r1€))
(3.21) < up — Cyexp(—Cy(r1 —ro)/€)
<Vie(ro) < Vie(r) < up.
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Then by (3.20) and (3.21), it is clear that (3.21) holds for 0 < r < r; and 0 <
e < 1. Since Uy (s) = Vi,e(r) and s = r1 — r, we obtain (2.52). Thus the proof is
complete. O
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